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============

In atomic physics, laser beams can stimulate transitions among different hyperfine states. Inspired by remarkable experiments with both fermionic^[@CR1],[@CR2]^ and bosonic clouds^[@CR3],[@CR4]^, in the recent years an extensive theoretical research was devoted to understand static and dynamical properties of quantum mixtures with artificial coupling beween their internal states. Concerning fermionic mixtures, for example, in the attempt to search for itinerant ferromagnetism driven by Rabi coupling, it was shown that a critical coupling frequency marks the transition of a two-state Fermi gas to a ferromagnetic phase. A detailed investigation in three spatial dimension was performed by Conduit^[@CR5]^ and, very recently, for a two-dimensional Fermi gas^[@CR6]^. On the other side, for bosonic atoms at temperatures below the transition to the superfluid phase, coupling of hyperfine states offers the possibility to address fascinating phenomena such as the internal Josephson effect^[@CR7]--[@CR9]^ emulating a space dependent double well potential, analogues of the Hawking radiation^[@CR10],[@CR11]^, non-abelian gauge potentials^[@CR12]^ like magnetic monopoles^[@CR13],[@CR14]^, Rashba spin-orbit coupling^[@CR15]--[@CR18]^, or they can be used for applications to quantum metrology^[@CR19]--[@CR21]^ and for the quantum simulation of spin models with short or long-range interactions^[@CR22]--[@CR25]^.

In this article we study the effects of a Rabi coupling on a two-component Bose mixture deriving the corresponding beyond-mean-field equation of state. To achieve this result we perform a non-trivial regularization of Gaussian fluctuations, which have a divergent zero-point energy due to both gapless and gapped elementary excitations. In particular, we obtain a meaningful analytical formula for the ground-state energy of the Bose mixture as a function of Rabi coupling and scattering lengths. Setting the Rabi frequency to zero in our formula one recovers Larsen's equation of state^[@CR26]^. In the case of attractive inter-particle interaction we investigate the conditions for the formation of a self-bound droplet finding that its density profile and collective oscillations crucially depend on the interplay between Rabi coupling and interaction strengths. A similar equation of state, albeit in absence of internal coupling, has been recently used by Petrov^[@CR27],[@CR28]^. He shows that, in the case of negative inter-component scattering length, quantum fluctuations can arrest the collapse of the mixture inducing the formation of a stable self-bound droplet. In a different context, the stabilization induced by quantum fluctuations has been found also in dipolar Bose-Einstein condensate, both in trapped configuration^[@CR29],[@CR30]^ and in free space^[@CR31]--[@CR34]^.

Remarkably, we find that above a critical Rabi frequency the self-bound droplet evaporates into a uniform configuration of zero density. Finally, we analyze the most favorable conditions to obtain a stable self-bound droplet made of ^39^K atoms in two Rabi-coupled hyperfine states.

Results {#Sec2}
=======

Microscopic theory for Rabi-coupled mixtures {#Sec3}
--------------------------------------------
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One finds a symmetric configuration where the two internal states are equally populated, a polarized phase with non-zero population imbalance, and an unstable phase when the attractive inter-state interaction overcomes the intra-state repulsion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${g}_{12} < \,-g$$\end{document}$ ^[@CR39]--[@CR42]^ (see Methods for some technical details).

In the rest of this article we focus on the symmetric ground state existing in presence of Rabi coupling, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${v}_{1}={v}_{2}\equiv v/\sqrt{2}$$\end{document}$ and equal intra-component interaction. The corresponding mean-field grand potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\rm{\Omega }}}_{0}(\mu ,v)$$\end{document}$ is then given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{{{\rm{\Omega }}}_{0}(\mu ,v)}{{L}^{3}}=-\mu {v}^{2}+\frac{1}{4}(g+{g}_{12}){v}^{4}-\hslash {\omega }_{R}{v}^{2}\mathrm{.}$$\end{document}$$By solving equation ([5](#Equ5){ref-type=""}) in the case of symmetric ground-state, we get the crucial relation between the order parameter and the chemical potential: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${v}^{2}=\mathrm{2(}\mu +\hslash {\omega }_{R})/(g+{g}_{12})$$\end{document}$. In this case, equation ([6](#Equ6){ref-type=""}) reduces to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{{{\rm{\Omega }}}_{0}(\mu )}{{L}^{3}}=-\frac{{(\mu +\hslash {\omega }_{R})}^{2}}{g+{g}_{12}}\mathrm{.}$$\end{document}$$

It is important to stress that we work in a regime where Rabi coupling cannot produce polarization in the ground state. However, as shown in the following section, it still influences the stability of balanced configuration, i.e. the region between the symmetric and unstable phase in the diagram reported in Fig. [1](#Fig1){ref-type="fig"} (top panel), also when Gaussian fluctuations are taken into account.

Gaussian Fluctuations {#Sec4}
---------------------
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Droplet phase {#Sec5}
-------------
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One can model the droplet by using a Gaussian wavefunction$$\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{U}({\tilde{\sigma }}_{1},{\tilde{\sigma }}_{2},{\tilde{\sigma }}_{3})$$\end{document}$ ^[@CR46]^ is a variational energy functional which is function of the width of the droplet only (see Methods). The variational stability diagram of the droplet phase is illustrated in Fig. [2](#Fig2){ref-type="fig"}. Upon increasing the atom number droplets stabilize. For small particle numbers we find a metastable region where $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{U}({\tilde{\sigma }}_{1},{\tilde{\sigma }}_{2},{\tilde{\sigma }}_{3})$$\end{document}$ has a local minimum with positive energy, the global minimum corresponding to zero energy for a dispersed gas with zero density. Interestingly, tuning the Rabi coupling to large values, as shown with the red dashed line for $\documentclass[12pt]{minimal}
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                \begin{document}$$N=1200$$\end{document}$ particles in Fig. [2](#Fig2){ref-type="fig"}, we move into the unstable phase. Therefore, differently from dipolar gases^[@CR32]^ or bosonic mixtures with attractive inter-species interactions^[@CR27]^, where transition to the instability is driven by interactions, here, a direct coupling between the two components serves as an additional tunable knob to cross from a stable into an unstable phase.

The low-energy collective excitations of the self-bound droplet are investigated by solving the eigenvalues problem for the Hessian matrix of effective potential energy in equation ([31](#Equ31){ref-type=""}). From the form of the variational ansatz we naturally describe the monopole (breathing) mode of frequency $\documentclass[12pt]{minimal}
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The upper panel of Fig. [3](#Fig3){ref-type="fig"} displays monopole and quadrupole frequencies as a function of the number *N* of atoms in the droplet, fixing Rabi coupling and scattering lengths. The lower panel of Fig. [3](#Fig3){ref-type="fig"} reports the collective frequencies as a function of the Rabi coupling and two different values of *N*. Both frequencies go to zero at the Rabi coupling above which the droplet evaporates.Figure 3Collective excitations of droplets. Monopole (breathing) mode frequency $\documentclass[12pt]{minimal}
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The experimental observation of a droplet phase with Rabi coupled internal states is within experimental reach. A promising candidate is a gas of ^39^K atoms loaded in hyperfine states $\documentclass[12pt]{minimal}
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Discussion {#Sec6}
==========

We derived the beyond-mean-field grand potential of a Rabi-coupled bosonic mixture within the formalism of functional integration, and performing regularization of divergent Gaussian fluctuations. In the small Rabi-coupling regime we also obtained an analytical expression for the internal energy of the system. In the case of attractive inter-particle scattering length we have shown how the Gaussian terms of the internal energy help to stabilize the system against the collapse and that, for a finite number of atoms, a self-bound droplet is produced. Rabi coupling works as an additional tool to tune the stability properties of the droplet, inducing an energetic instability for large inter-component couplings. The evaporation of the droplet is also signaled by both the breathing and quadruple modes which vanish at a critical Rabi coupling. Notably, our predictions provide a benchmark for experimental observations of Rabi-coupled self-bound droplets in current experiments.

Methods {#Sec7}
=======

Mean-field phase diagram {#Sec8}
------------------------

Our description of mean-field phase diagram starts from the mean-field free-energy density, where we identified $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${v}_{a}^{2}={n}_{a}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${v}_{b}^{2}={n}_{b}$$\end{document}$ and consequently $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n={v}_{a}^{2}+{v}_{b}^{2}$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{{{\rm{\Omega }}}_{0}}{{L}^{3}}=-\mu n+\frac{1}{2}g({n}_{a}^{2}+{n}_{b}^{2})+{g}_{ab}{n}_{a}{n}_{b}-2\hslash {\omega }_{R}\sqrt{{n}_{a}{n}_{b}}\mathrm{.}$$\end{document}$$

The equilibrium configuration has to stationarize the energy density, namely$$\documentclass[12pt]{minimal}
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In order to clarify the stability of these equilibrium points, one has to compute the determinant of the free-energy Hessian matrix (we assume an intra-species repulsion). Over the symmetric ground state, one finds$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rm{\det }}[\frac{1}{{L}^{3}}\frac{{\partial }^{2}{{\rm{\Omega }}}_{0}}{\partial {n}_{a}\partial {n}_{b}}]=(g+{g}_{ab})(g-{g}_{ab}+\frac{2\hslash {\omega }_{R}}{n})$$\end{document}$$and by imposing it to be positive, the following stability condition^[@CR39]^ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${g}_{ab} < g+2\frac{\hslash {\omega }_{R}}{n}\mathrm{.}$$\end{document}$$In the symmetric ground-state, the density in terms of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$ reads $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n/2=(\mu +\hslash {\omega }_{R})/(g+{g}_{ab})$$\end{document}$, so we easily derive equation ([7](#Equ7){ref-type=""}). In the polarized ground-state, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=\mu /g$$\end{document}$, the normalized imbalance equals$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{{\rm{\Delta }}}{n}=\pm \sqrt{1-{[\frac{2g{\omega }_{R}}{\mu (g-{g}_{ab})}]}^{2}},$$\end{document}$$leading to the stability condition$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${g}_{ab} > \frac{2\hslash {\omega }_{R}}{\mu }g\mathrm{.}$$\end{document}$$

The results of stability analysis of the stationary points of mean-field free energy are summarized in Fig. [1](#Fig1){ref-type="fig"} (top panel).

Quantum fluctuations and equation of state {#Sec9}
------------------------------------------

The inverse propagator introduced in equation ([8](#Equ8){ref-type=""}) is defined by:$$\documentclass[12pt]{minimal}
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Convergence-factor regularization technique {#Sec10}
-------------------------------------------

Among the available methods to regularize the zero-point energy of bosonic excitations^[@CR43]^, we employ the convergence-factor technique. It consists in adding a factor $\documentclass[12pt]{minimal}
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Since the path-integral relies on a time-axis discretization, this notation introduces an ambiguity^[@CR37]^. We are not specifying on which time slice the field $\documentclass[12pt]{minimal}
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However, this equal-time prescription does not completely remove the ultraviolet divergences in the zero-point energy of bosonic excitations. The remaining ones are due to the presence of a gapped spectrum branch and to the zero-range approximation for the interaction potential. The grand potential of our system with Gaussian contribution is given by$$\documentclass[12pt]{minimal}
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Indeed, one of the divergences encountered integrating the zero-point energy is due to the delta-shaped potential^[@CR37]^. Its Fourier transform is constant for all momenta, while a reasonable interaction potential should fall at least as $\documentclass[12pt]{minimal}
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Variational and numerical analysis {#Sec11}
----------------------------------
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Figure [4](#Fig4){ref-type="fig"} shows the energy per particle of the self-bound droplet: the numerical approach relying on imaginary-time evolution is in reasonable agreement with the variational one based on equation ([17](#Equ17){ref-type=""}). Remarkably, above a critical Rabi frequency the internal energy of the droplet becomes positive, signaling that the droplet goes in a metastable configuration. Moreover, at a a slightly larger critical Rabi frequency the droplet evaporates.Figure 4Energetic instability of droplets. Energy per particle of a system of $\documentclass[12pt]{minimal}
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                \begin{document}$$N=1200$$\end{document}$ particles as a function of the Rabi coupling along the vertical line of Fig. [2](#Fig2){ref-type="fig"}. Red dashed line: Variational energy from equation ([31](#Equ31){ref-type=""}). Squared dots: Energy per particle from the numerical solution of the Gross-Pitaevskii equation. Increasing the Rabi coupling to values larger than $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \simeq 0.16\,{\omega }_{c}$$\end{document}$ the *metastable* droplet evaporates.
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